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Abstract. In this paper we study the global regularity of the following 2D (two-
dimensional) generalized magnetohydrodynamic equations{
ut + u · ∇u = −∇p+ b · ∇b− ν(−△)
αu
bt + u · ∇b = b · ∇u− κ(−△)
βb
and get global regular solutions when 0 6 α < 1/2, β > 1, 3α + 2β > 3, which
improves the results in [5]. In particular, we obtain the global regularity of the 2D
generalized MHD when α = 0 and β > 32 .
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1. Introduction
Consider the Cauchy problem of the 2D (two-dimensional) generalized magnetohydrodynamic
equations: 

ut + u · ∇u = −∇p+ b · ∇b− ν(−△)
αu,
bt + u · ∇b = b · ∇u− κ(−△)
βb,
∇ · u = ∇ · b = 0,
u (x, 0) = u0 (x) , b (x, 0) = b0 (x)
(1)
for x ∈ R2 and t > 0, where u = u (x, t) is the velocity field, b = b (x, t) is the magnetic field,
p = p (x, t) is the pressure, and u0 (x) , b0 (x) with divu0 (x) = divb0 (x) = 0 are the initial velocity
and magnetic field, respectively. Here ν, κ, α, β ≥ 0 are nonnegative constants and (−△)1/2 is
defined through the Fourier transform by
((−△)1/2f)∧(ξ) = |ξ| f̂(ξ),
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where ∧ denotes the Fourier transform. Later, we will use the inverse Fourier transform ∨. As
usual, we write (−△)1/2 as Λ. To simplify the presentation, we will assume ν = κ = 1 when α > 0
and ν = 0, κ = 1 when α = 0.
There have been extensive studies on the global regularity of solutions to (1) (see e.g. [6][7][5]
and references therein). It follows from [7] that the problem (1) has a unique global regular solution
if
α > 1, β > 0, α+ β > 2.
Recently, Tran, Yu and Zhai [5] proved that if
α > 1/2, β > 1 or 0 6 α < 1/2, 2α+ β > 2 or α > 2, β = 0,
then the solution is global regular.
In this paper, we will prove the global regularity to (1) when 0 6 α < 1/2, β > 1, 3α+ 2β > 3.
Denote the vorticity by ω = −∂2u1 + ∂1u2 and the current by j = −∂2b1 + ∂1b2. We will prove
that ω, j ∈ L2(0, T ;L∞) and hence obtain the global regularity of the solution due to BKM type
criterion (see [1]). To this end, based on the estimates of ω, j in L∞(0, T ;L2) in [5], we will prove
a new estimate on Λrj for some r > 0 in this paper (see Lemma 2). Our result improves ones in
[5] and in particular, if α = 0, β > 32 , the problem (1) has a global regular solution.
Our main result is stated as
Theorem 1. Suppose that (u0, b0) ∈ H
k with k > max{2, α+ β}. If
0 6 α < 1/2, β > 1, 3α+ 2β > 3,
then the Cauchy problem has a unique global regular solution.
Remark 1. When α+ β > 2, k > 2, the global regularity has been proved in [5].
Remark 2. For the 2D MHD equations, it remains open to prove the global regularity when α =
0, β = 1 or β = 0, α = 1.
2. A Priori estimates
In this section, we will give a priori estimates for ω and j. For convenience, we use the same
notation as in [5]. Let ω and j denote the vorticity and the current respectively, where ω = ∇⊥ ·u =
−∂2u1 + ∂1u2 and j = ∇
⊥ · b = −∂2b1 + ∂1b2. Applying ∇
⊥· to the equations (1), we obtain the
following equations for ω and j:
ωt + u · ∇ω = b · ∇j − Λ
2αω, (2)
jt + u · ∇j = b · ∇ω + T (∇u,∇b)− Λ
2βj, (3)
where
T (∇u,∇b) = 2∂1b1 (∂1u2 + ∂2u1) + 2∂2u2 (∂1b2 + ∂2b1).
The L∞(0, T ;L2(R2)) estimates for ω, j are obtained in [5], which is
Lemma 1. ([5]) Suppose that α > 0 β > 1. Let u0, b0 ∈ H
1. For any T > 0, we have
‖ω‖
2
L2 (t) + ‖j‖
2
L2 (t) +
∫ t
0
(
‖Λαω‖
2
L2 +
∥∥Λβj∥∥2
L2
)
dτ 6 C (T ) . (4)
The following is a key lemma of this paper which will be used later.
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Lemma 2. Suppose that 0 6 α < 12 , β > 1, r = α + β − 1 > 0 and k > α + β. Let u0, b0 ∈ H
k.
Then for any T > 0, we have
‖Λrj‖2L2 (t) +
∫ t
0
∥∥Λβ+rj∥∥2
L2
dτ 6 C (u0, b0, T ) . (5)
Proof. Applying Λr on both sides of the equation(3), we obtain
(Λrj)t + Λ
r(u · ∇j) = Λr(b · ∇ω) + Λr(T (∇u,∇b))− Λ2β+rj. (6)
Multiplying (6) by Λrj and integrating with respect to x in R2, we obtain
1
2
d
dt
‖Λrj‖
2
L2 +
∥∥Λβ+rj∥∥2
L2
= −
∫
R
2
Λr (u · ∇j) Λrjdx+
∫
R
2
Λr (b · ∇ω) Λrjdx
+
∫
R
2
ΛrT (∇u,∇b)Λrjdx
≡ I1 + I2 + I3. (7)
I1 is estimated as follows:
|I1| =
∣∣∣∣
∫
R
2
Λr (u · ∇j) Λrjdx
∣∣∣∣
=
∣∣∣∣
∫
R
2
Λ−1∇ · Λα (uj) Λβ+rjdx
∣∣∣∣
6
∥∥Λ−1∇ · Λα(uj)∥∥
L2
∥∥Λβ+rj∥∥
L2
6 C ‖Λα(uj)‖L2
∥∥Λβ+rj∥∥
L2
= C
∥∥∥∥
∫
R
2
|ξ|αuˆ(ξ − η)jˆ(η)dη
∥∥∥∥
L2
∥∥Λβ+rj∥∥
L2
6 C
(∥∥∥∥
∫
R
2
|ξ − η|α |uˆ(ξ − η)|
∣∣∣jˆ(η)∣∣∣ dη∥∥∥∥
L2
+
∥∥∥∥
∫
R
2
|uˆ(ξ − η)| |η|α
∣∣∣jˆ(η)∣∣∣ dη∥∥∥∥
L2
)∥∥Λβ+rj∥∥
L2
= C
(∥∥∥∥Λα (|uˆ|∨) ∣∣∣jˆ∣∣∣∨
∥∥∥∥
L2
+
∥∥∥∥Λα
(∣∣∣jˆ∣∣∣∨) |uˆ|∨∥∥∥∥
L2
)∥∥Λβ+rj∥∥
L2
6 C
(∥∥Λα (|uˆ|∨)∥∥
L4
∥∥∥∥∣∣∣jˆ∣∣∣∨
∥∥∥∥
L4
+
∥∥∥∥Λα
(∣∣∣jˆ∣∣∣∨)∥∥∥∥
L4
∥∥|uˆ|∨∥∥
L4
)∥∥Λβ+rj∥∥
L2
6 C
(
‖u‖
1
2−α
L2 ‖∇u‖
1
2+α
L2 ‖j‖
1− 12β
L2
∥∥Λβj∥∥ 12β
L2
+ ‖u‖
1
2
L2 ‖∇u‖
1
2
L2 ‖j‖
2β−2α−1
2β
L2
∥∥Λβj∥∥ 1+2α2β
L2
)∥∥Λβ+rj∥∥
L2
6 Cǫ
∥∥Λβ+rj∥∥2
L2
+ C(ǫ) ‖u‖
1−2α
L2 ‖ω‖
1+2α
L2 ‖j‖
2− 1
β
L2
∥∥Λβj∥∥ 1β
L2
+C(ǫ) ‖u‖L2 ‖ω‖L2 ‖j‖
2β−2α−1
β
L2
∥∥Λβj∥∥ 1+2αβ
L2
,
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where we have used the following Gagliardo-Nirenberg inequalities
∥∥Λα (|uˆ|∨)∥∥
L4
6 C
∥∥|uˆ|∨∥∥ 12−α
L2
∥∥∇ (|uˆ|∨)∥∥ 12+α
L2
6 C ‖u‖
1
2−α
L2 ‖∇u‖
1
2+α
L2 ,∥∥|uˆ|∨∥∥
L4
6 C
∥∥|uˆ|∨∥∥ 12
L2
∥∥∇ (|uˆ|∨)∥∥ 12
L2
6 C ‖u‖
1
2
L2 ‖∇u‖
1
2
L2 ;∥∥∥∥∣∣∣jˆ∣∣∣∨
∥∥∥∥
L4
6 C
∥∥∥∥∣∣∣jˆ∣∣∣∨
∥∥∥∥
1− 12β
L2
∥∥∥∥Λβ
(∣∣∣jˆ∣∣∣∨)∥∥∥∥
1
2β
L2
6 C ‖j‖
1− 12β
L2
∥∥Λβj∥∥ 12β
L2
,
∥∥∥∥Λα
(∣∣∣jˆ∣∣∣∨)∥∥∥∥
L4
6 C
∥∥∥∥∣∣∣jˆ∣∣∣∨
∥∥∥∥
2β−2α−1
2β
L2
∥∥∥∥Λβ
(∣∣∣jˆ∣∣∣∨)∥∥∥∥
1+2α
2β
L2
6 C ‖j‖
2β−2α−1
2β
L2
∥∥Λβj∥∥ 1+2α2β
L2
.
Similarly, we can deal with I2 as follows.
|I2| =
∣∣∣∣
∫
R
2
Λr (b · ∇ω) Λrjdx
∣∣∣∣
=
∣∣∣∣
∫
R
2
Λ−1∇ · Λα (bω)Λβ+rjdx
∣∣∣∣
6
∥∥Λ−1∇ · Λα(bω)∥∥
L2
∥∥Λβ+rj∥∥
L2
6 C ‖Λα(bω)‖L2
∥∥Λβ+rj∥∥
L2
= C
∥∥∥∥
∫
R
2
|ξ|αbˆ(ξ − η)ωˆ(η)dη
∥∥∥∥
L2
∥∥Λβ+rj∥∥
L2
6 C
(∥∥∥∥
∫
R
2
|ξ − η|α
∣∣∣bˆ(ξ − η)∣∣∣ |ωˆ(η)| dη∥∥∥∥
L2
+
∥∥∥∥
∫
R
2
∣∣∣bˆ(ξ − η)∣∣∣ |η|α |ωˆ(η)| dη∥∥∥∥
L2
)∥∥Λβ+rj∥∥
L2
= C
(∥∥∥∥Λα
(∣∣∣bˆ∣∣∣∨) |ωˆ|∨∥∥∥∥
L2
+
∥∥∥∥Λα (|ωˆ|∨) ∣∣∣bˆ∣∣∣∨
∥∥∥∥
L2
)∥∥Λβ+rj∥∥
L2
6 C
(∥∥∥∥Λα
(∣∣∣bˆ∣∣∣∨)∥∥∥∥
L∞
‖ω‖L2 +
∥∥∥∥∣∣∣bˆ∣∣∣∨
∥∥∥∥
L∞
‖Λαω‖L2
)∥∥Λβ+rj∥∥
L2
6 C
(
‖b‖
β−α
1+β
L2
∥∥Λβ+1b∥∥ 1+α1+β
L2
‖ω‖L2 + ‖b‖
r
1+r
L2
∥∥Λ1+rb∥∥ 11+r
L2
‖Λαω‖L2
)∥∥Λβ+rj∥∥
L2
6 Cǫ
∥∥Λβ+rj∥∥2
L2
+ C(ǫ)
(
‖b‖
2(β−α)
1+β
L2
∥∥Λβj∥∥ 2(1+α)1+β
L2
‖ω‖2L2 + ‖b‖
2r
1+r
L2 ‖Λ
rj‖
2
1+r
L2 ‖Λ
αω‖2L2
)
,
where we have used the following Gagliardo-Nirenberg inequalities
∥∥∥∥Λα
(∣∣∣bˆ∣∣∣∨)∥∥∥∥
L∞
6 C
∥∥∥∥∣∣∣bˆ∣∣∣∨
∥∥∥∥
β−α
1+β
L2
∥∥∥∥Λβ+1
(∣∣∣bˆ∣∣∣∨)∥∥∥∥
1+α
1+β
L2
6 C ‖b‖
β−α
1+β
L2
∥∥Λβ+1b∥∥ 1+α1+β
L2
,
∥∥∥∥∣∣∣bˆ∣∣∣∨
∥∥∥∥
L∞
6 C
∥∥∥∥∣∣∣bˆ∣∣∣∨
∥∥∥∥
r
1+r
L2
∥∥∥∥Λ1+r
(∣∣∣bˆ∣∣∣∨)∥∥∥∥
1
1+r
L2
6 C ‖b‖
r
1+r
L2
∥∥Λ1+rb∥∥ 11+r
L2
.
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Now, we give estimate of I3.
|I3| =
∣∣∣∣
∫
R
2
ΛrT (∇u,∇b) Λrjdx
∣∣∣∣
=
∣∣∣∣
∫
R
2
T (∇u,∇b) Λ2rjdx
∣∣∣∣
6 C ‖∇u‖L2 ‖∇b‖L∞
∥∥Λ2rj∥∥
L2
6 C ‖∇u‖L2 ‖∇b‖
β+r−1
β+r
L2
∥∥Λβ+r+1b∥∥ 1β+r
L2
‖j‖
β−r
β+r
L2
∥∥Λβ+rj∥∥ 2rβ+r
L2
6 C ‖∇u‖L2 ‖j‖
2β−1
β+r
L2
∥∥Λβ+rj∥∥ 2r+1β+r
L2
6 Cǫ
∥∥Λβ+rj∥∥2
L2
+ C(ǫ) ‖j‖
2
L2 ‖ω‖
2(β+r)
2β−1
L2 ,
where we have used the following Gagliardo-Nirenberg inequalities
‖∇b‖L∞ 6 C ‖∇b‖
β+r−1
β+r
L2
∥∥Λβ+r+1b∥∥ 1β+r
L2
,∥∥Λ2rj∥∥
L2
6 C ‖j‖
β−r
β+r
L2
∥∥Λβ+rj∥∥ 2rβ+r
L2
.
Substituting estimates of I1 − I3 into (7), we obtain
1
2
d
dt
‖Λrj‖
2
L2 +
∥∥Λβ+rj∥∥2
L2
6 Cǫ
∥∥Λβ+rj∥∥2
L2
+ C(ǫ) ‖u‖
1−2α
L2 ‖ω‖
1+2α
L2 ‖j‖
2− 1
β
L2
∥∥Λβj∥∥ 1β
L2
+C(ǫ) ‖u‖L2 ‖ω‖L2 ‖j‖
2β−2α−1
β
L2
∥∥Λβj∥∥ 1+2αβ
L2
+C(ǫ)
(
‖b‖
2(β−α)
1+β
L2
∥∥Λβj∥∥ 2(1+α)1+β
L2
‖ω‖
2
L2 + ‖b‖
2r
1+r
L2 ‖Λ
rj‖
2
1+r
L2 ‖Λ
αω‖
2
L2
)
+C(ǫ) ‖j‖
2
L2 ‖ω‖
2(β+r)
2β−1
L2 .
Choosing ǫ = 12C , we get
d
dt
‖Λrj‖
2
L2 +
∥∥Λβ+rj∥∥2
L2
6 C(ǫ) ‖u‖
1−2α
L2 ‖ω‖
1+2α
L2 ‖j‖
2− 1
β
L2
∥∥Λβj∥∥ 1β
L2
+C(ǫ) ‖u‖L2 ‖ω‖L2 ‖j‖
2β−2α−1
β
L2
∥∥Λβj∥∥ 1+2αβ
L2
+C(ǫ)
(
‖b‖
2(β−α)
β
L2
∥∥Λβj∥∥ 2(1+α)1+β
L2
‖ω‖2L2 + ‖b‖
2r
1+r
L2 ‖Λ
rj‖
2
1+r
L2 ‖Λ
αω‖2L2
)
+C(ǫ) ‖j‖2L2 ‖ω‖
2(β+r)
2β−1
L2 . (8)
By assumptions of the lemma, we have 0 6 α < 12 , β > 1, r = α + β − 1 > 0, and hence
1
β 6 1,
1+2α
β 6 2,
2(1+α)
1+β 6 2,
2
1+r 6 2. Thus, due to Lemma 1, we have∥∥Λβj∥∥ 1β
L2
,
∥∥Λβj∥∥ 1+2αβ
L2
,
∥∥Λβj∥∥ 2(1+α)1+β
L2
, ‖Λαω‖
2
L2 ∈ L
1(0, T ).
Using the Gronwall’s inequality in (8), we obtain
‖Λrj‖
2
L2 (t) +
∫ t
0
∥∥Λβ+rj∥∥2
L2
dτ 6 C (u0, b0, T ) .
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The proof of the lemma is complete.

3. Proof of Theorem 1
In this section, we prove Theorem 1. We will prove that ω, j ∈ L1(0, T ;L∞(R2)) and Theorem 1
is then followed from the BKM-type criterion. Two cases will be considered respectively: 0 < α <
1/2, β > 1, 3α+ 2β > 3 and α = 0, β > 32 .
case I: 0 < α < 1/2, β > 1, 3α+ 2β > 3
We will first give L∞(0, T ;H1) estimates for ω, j. Differentiating with respective to xi(i = 1, 2)
on both sides of (2) and (3) respectively, we get
(∂iω)t + u · ∇ (∂iω) = − (∂iu) · ∇ω + (∂ib) · ∇j + b · ∇ (∂ij)− Λ
2α (∂iω) , (9)
(∂ij)t + u · ∇ (∂ij) = − (∂iu) · ∇j + (∂ib) · ∇ω + b · ∇ (∂iω) + ∂i (T (∇u,∇b))− Λ
2β (∂ij) . (10)
Multiplying ∂iω and ∂ij on both sides of (9) and (10) respectively, integrating with respect to x in
R
2 and summing up i=1,2, we obtain
1
2
d
dt
(
‖∇ω‖
2
L2 + ‖∇j‖
2
L2
)
= −
2∑
i=1
∫
R
2
[(∂iu) · ∇ω] ∂iωdx+
2∑
i=1
∫
R
2
[(∂ib) · ∇j] ∂iωdx
−
2∑
i=1
∫
R
2
[(∂iu) · ∇j] ∂ijdx+
2∑
i=1
∫
R
2
[(∂ib) · ∇ω] ∂ijdx
+
2∑
i=1
∫
R
2
[∂i (T (∇u,∇b))] ∂ijdx
−‖Λα∇ω‖
2
L2 −
∥∥Λβ∇j∥∥2
L2
6 C (A1 +A2 +A3 +A4 +A5)− ‖Λ
α∇ω‖
2
L2 −
∥∥Λβ∇j∥∥2
L2
, (11)
where we have used ∇ · u = ∇ · b = 0, and we denote
A1 =
∫
R
2
|∇u| |∇ω|
2
dx,
A2 =
∫
R
2
|∇b| |∇j| |∇ω|dx,
A3 =
∫
R
2
|∇u| |∇j|
2
dx,
A4 =
∫
R
2
|∇b| |∇ω| |∇j| dx,
A5 =
∫
R
2
[∣∣∇2u∣∣ |∇b|+ |∇u| ∣∣∇2b∣∣] |∇j| dx.
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A2 −A5 can be estimated in a straight way (see also [5]), which are
A2 = A4 6 C (ε) ‖j‖
2
L2 + ‖∇j‖
2
L2 ‖∇ω‖
2
L2 + Cε ‖Λ∇j‖
2
L2
6 C (ε) ‖j‖
2
L2 + ‖∇j‖
2
L2 ‖∇ω‖
2
L2 + Cε
∥∥Λβ∇j∥∥2
L2
,
A3 6 C (ε) ‖ω‖
2
L2 ‖∇j‖
2
L2 + Cε ‖Λ∇j‖
2
L2
6 C (ε) ‖j‖
2
L2 + C (ε) ‖ω‖
2
L2 ‖∇j‖
2
L2 + Cε
∥∥Λβ∇j∥∥2
L2
,
A5 6 C (ε) ‖j‖
2
L2 + C (ε) ‖ω‖
2
L2 ‖∇j‖
2
L2 + ‖∇j‖
2
L2 ‖∇ω‖
2
L2 + Cε ‖Λ∇j‖
2
L2
6 C (ε) ‖j‖2L2 + C (ε) ‖ω‖
2
L2 ‖∇j‖
2
L2 + ‖∇j‖
2
L2 ‖∇ω‖
2
L2 + Cε
∥∥Λβ∇j∥∥2
L2
.
Now we deal with A1.
A1 =
∫
R
2
|ω| |∇ω|
2
dx 6 ‖ω‖Lp ‖∇ω‖
2
Lq
6 C ‖ω‖Lp ‖∇ω‖
2− 2
pα
L2 ‖Λ
α∇ω‖
2
pα
L2
6 Cǫ ‖Λα∇ω‖
2
L2 + C(ǫ) ‖ω‖
pα
pα−1
Lp ‖∇ω‖
2
L2 ,
where we have used the following Gagliardo-Nirenberg inequality:
‖∇ω‖Lq 6 C ‖∇ω‖
1− 1
pα
L2 ‖Λ
α∇ω‖
1
pα
L2 .
Here
1
α
< p <∞,
1
p
+
2
q
= 1,
and p is to be determined later.
To estimate ‖ω‖Lp , we multiply on the both sides of (2) by p |ω|
p−2
ω and integrate with respect
to x in R2 to obtain
1
p
d
dt
‖ω‖
p
Lp +
∫
R
2
(Λαω) |ω|
p−2
ωdx 6
∫
R
2
|b| |∇j| |ω|
p−1
dx,
where we have used ∇ · u = 0. Thanks to the following inequality (see [4][2][8][3])∫
R
2
(Λαω) |ω|
p−2
ωdx > 0,
we get
d
dt
‖ω‖Lp 6 ‖b · ∇j‖Lp 6 ‖b‖L∞ ‖∇j‖Lp . (12)
It follows from Lemma 2 that
j ∈ L2
(
0, T ;Hβ+r
)
.
Consequently, we have
b ∈ L2(0, T ;L∞) and ∇j ∈ L2(0, T ;Lp)
(
for some p >
1
α
)
.
In fact, if β + r > 2, i.e. α+ 2β > 3, we can choose 1α < p <∞, such that
∇j ∈ L2(0, T ;Lp);
if β + r < 2, i.e. α+ 2β < 3, we have 22−(β+r) =
2
3−(2β+α) >
1
α , so we can choose
1
α < p <
2
2−(β+r) ,
such that
∇j ∈ L2(0, T ;Lp),
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where we have used the assumption 3α+ 2β > 3 in the theorem. Integrating on t in (0, t) on both
sides of (12) yields
‖ω‖Lp 6 ‖ω0‖Lp +
∫ t
0
‖b‖L∞ ‖∇j‖Lp dτ 6 ‖ω0‖Lp + ‖b‖L2(0,T ;L∞) ‖∇j‖L2(0,T ;Lp) 6 C (ω0, T ) ,
(13)
which implies that ‖ω‖Lp ∈ L
∞ (0, T ).
Putting the estimates of (A1 −A5) into (11), we have
1
2
d
dt
(
‖∇ω‖2L2 + ‖∇j‖
2
L2
)
6 C (ε) (‖ω‖2L2 + ‖∇j‖
2
L2 + ‖ω‖
pα
pα−1
Lp )(‖∇j‖
2
L2 + ‖∇ω‖
2
L2)
+C (ε) ‖j‖
2
L2 + Cǫ ‖Λ
α∇ω‖
2
L2 + Cε
∥∥Λβ∇j∥∥2
L2
−‖Λα∇ω‖
2
L2 −
∥∥Λβ∇j∥∥2
L2
. (14)
Combining this with (13) and lemma 1, taking ǫ so that Cǫ = 12 , and utilizing the Gronwall’s
inequality, we get
‖∇ω‖
2
L2 + ‖∇j‖
2
L2 +
∫ t
0
‖Λα∇ω‖
2
L2 +
∥∥Λβ∇j∥∥2
L2
dt ≤ C(T )
which implies that
∇ω,∇j ∈ L∞
(
0, T ;L2
)
,∇ω ∈ L2 (0, T ;Hα) ,∇j ∈ L2
(
0, T ;Hβ
)
.
Thus, by the Sobolev imbedding, we have ω, j ∈ L2 (0, T ;L∞). Applying the BKM type criterion
for global regularity (see [1]), we get the proof of Theorem 1.
Case II: α = 0, β > 32
In this case, since α = 0, β > 32 , we have r = α + β − 1 >
1
2 and β + r > 2. It follows from
Lemma 2 that ∇j ∈ L2 (0, T ;L∞). Since
ωt + u · ∇ω = b · ∇j,
we can prove that ω ∈ L∞ (0, T ;L∞) by using the particle trajectory method. By taking advantage
of the BKM type criterion for global regularity (see [1]), we finish the proof of Theorem 1.
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